Abstract. We study the case of a smooth noninvertible map f with Axiom A, in higher dimension. In this paper, we look first at the unstable dimension (i.e the Hausdorff dimension of the intersection between local unstable manifolds and a basic set Λ), and prove that it is given by the zero of the pressure function of the unstable potential, considered on the natural extensionΛ of the basic set Λ; as a consequence, the unstable dimension is independent of the prehistoryx. Then we take a closer look at the theorem of construction for the local unstable manifolds of a perturbation g of f , and for the conjugacy Φ g defined onΛ. If the map g is holomorphic, one can prove some special estimates of the Hölder exponent of Φ g on the liftings of the local unstable manifolds. In this way we obtain a new estimate of the speed of convergence of the unstable dimension of g, when g → f . Afterwards we prove the real analyticity of the unstable dimension when the map f depends on a real analytic parameter. In the end we show that there exist Gibbs measures on the intersections between local unstable manifolds and basic sets, and that they are in fact geometric measures; using this, the unstable dimension turns out to be equal to the upper box dimension. We notice also that in the noninvertible case, the Hausdorff dimension of basic sets does not vary continuously with respect to the perturbation g of f . In the case of noninvertible Axiom A maps on P 2 , there can exist an infinite number of local unstable manifolds passing through the same point x of the basic set Λ, thus there is no unstable lamination. Therefore many of the methods used in the case of diffeomorphisms break down and new phenomena and methods of proof must appear. The results in this paper answer to some questions of Urbanski ([21]) about the extension of one dimensional theory of Hausdorff dimension of fractals to the higher dimensional case. They also improve some results and estimates from [7] .
1. Introduction. In one complex variable, it is known ( [17] ) that the Hausdorff dimension of the Julia set J of a hyperbolic rational map f is given by the unique zero of the pressure function t → P (tϕ), where ϕ(z) := − log |Df (z)|, z ∈ J.
In this paper we extend this result to the higher dimensional case, i.e that of a conformal map with Axiom A on the complex projective space P 2 , thus answering some questions from [21] . Moreover, we give some theorems (like the one about Lipschitz dependence of the unstable manifolds with respect to perturbations, and Let us notice also that in the definition of hyperbolicity for noninvertible maps, the unstable tangent space E û x depends a priori on the whole prehistoryx ∈Ω. Definition 2. Let X be a nonempty Hausdorff topological space and f : X → X a continuous map on X. We will say that f is topologically transitive (or simply transitive) if for any nonempty open sets U, V , there exists n ∈ Z with f n (U ) ∩ V = ∅. We will say that f is topologically mixing (or simply mixing) on X if for any nonempty open sets U, V in X, there exists N ≥ 0 such that f n U ∩ V = ∅, for any n ≥ N .
One can prove that transitivity is equivalent to the existence of a point x ∈ X with dense full orbit in X, where by full orbit of x we understand O(x) := {f n (x), n ∈ Z}. If there exists x ∈ X with O + (x) := {f n (x), n ≥ 0} dense in X, we say that f is topologically + transitive ( [18] , [19] ); however in the case where we will actually need it, i.e in the Spectral Decomposition Theorem, transitivity and topological + transitivity coincide ( [18] ). Also, it is immediate to see that mixing implies transitivity.
If f is an Axiom A map as above, the Spectral Decomposition Theorem ( [18] ) says that the nonwandering set Ω can be partitioned into a finite number of finvariant subsets, on which f is transitive. These sets are unique up to order and are called basic sets. We say that a basic set Λ is of saddle type if there are both stable and unstable directions on Λ, i.e if dimE û x ≥ 1,x ∈Λ and dimE s x ≥ 1, x ∈ Λ. In the sequel we will work only with basic sets of this type. Now, given a smooth (C r , r ≥ 2) map f : M → M with Axiom A, and a basic set Λ of saddle type, there exist local stable and unstable manifolds at every point If the map f is clear from the context, we denote these sets by W s β (x), W u β (x). In case f is a holomorphic map on the complex projective space P 2 , then the local stable and unstable manifolds are embedded complex disks ( [3] ).
It is well-known ( [18] ) that, if f has Axiom A, then its nonwandering set Ω has local product structure, i.e for any x ∈ Ω,ŷ ∈Ω, the intersection W s β (f, x) ∩ W u β (f,ŷ) has at most one point, denoted by [x,ŷ] and this point belongs to Ω. In the sequel, we will denote by HD(A) the Hausdorff dimension of a set A. Let us define now two important notions which will be used throughout the paper: Definition 3. In the above setting (hence with Λ a basic set of saddle type), we call the Hausdorff dimension δ s (x, β) := HD(W s β (f, x) ∩ Λ) the stable dimension (of size β > 0) at the point x ∈ Λ. Also, the Hausdorff dimension δ u (x, β) := HD(W u β (f,x) ∩ Λ) will be called the unstable dimension (of size β) at the prehistoryx ∈Λ. In general, if the size β > 0 is fixed, we will not record the dependence of the stable/unstable dimension on β, and will write simply δ s (x) or δ u (x).
Notation: In the sequel, we shall denote the derivative in the stable direction, Df | E s x , by Df s (x), and the derivative in the unstable direction, Df | E û x , by Df u (x), forx ∈Λ.
In the sequel we will also use extensively the notions of entropy and topological pressure (or simply pressure). These notions can be introduced for any continuous map f : X → X on a compact metric space (X, d); we refer to [5] or [22] for definitions and properties. Denote by C(X) the space of continuous functions defined on X and with values in R.
Definition 4.
For an integer n > 0 define the metric d n on X by d n (x, y) := max{d(f i (x), f i (y), i = 0, .., n − 1}, x, y ∈ X. We say that a set E ⊂ X is (n, ε)-separated (for some positive number ε), if for any x, y ∈ E, x = y, we have that d n (x, y) ≥ ε. We will say that a subset F ⊂ X is (n, ε)-spanning, if for every x ∈ X there exists some y ∈ F such that d n (x, y) < ε.
Definition 5. In the setting from the previous Definition, denote by B f (x, ε, n), the ball of radius ε and center x in the metric d n . We will call it the (n, ε)-ball centered at x.
Hence it follows that a subset F is (n, ε)-spanning in X iff the union of the (n, ε)-balls centered at the points of F covers X. Definition 6. The topological pressure of f is a functional P f : C(X) →R defined by :
When we take ϕ ≡ 0, we will obtain the topological entropy of f , denoted by h(f ) or by h top (f ).
The proof that the above limits exist when ε → 0, and that they are equal is done for example in [22] . When the map f was fixed and is clear from the context, we may denote the pressure of ϕ also by P (ϕ).
In ergodic theory, another important notion is that of measure theoretic entropy, h µ (denoted also by h µ (f ) when we want to emphasize the dependence on f ), where µ is an f -invariant Borel probability measure on X. (we will not give the definition of h µ here, it can be found in all texts on ergodic theory, for example in [22] ).
There exists an interesting relationship between Borel invariant measures and P f , contained in the following:
Theorem (Variational Principle). In the above setting, P f (ϕ) = sup µ {h µ (f ) + ϕ dµ}, where the supremum is taken over all f -invariant Borel probability measures µ, and h µ (f ) = measure-theoretic entropy of µ.
Definition 7.
In the setting from the Variational Principle, let ϕ be a continuous potential from C(X), and assume that µ is an f -invariant Borel probability measure on X with P f (ϕ)h µ + ϕ dµ. Any such measure µ will be called an equilibrium measure (or equilibrium state) for ϕ.
Let us list now several well-known properties of topological pressure, which will be used in the sequel ( [19] , [5] , [22] are good references):
Theorem (Properties of Pressure). If f : X → X is a continuous transformation, and ϕ, ψ ∈ C(X), then: 
Now let us say a few words about the special case of Axiom A holomorphic maps on P 2 . For most of this, a good reference is [3] . First of all, if f is a holomorphic map, f : P 2 → P 2 , then there exist homogeneous polynomials
, where [z 0 : z 1 : z 2 ] represent the homogeneous coordinates on P 2 . We will work only with the nontrivial case when D ≥ 2 (nondegenerate maps). If f is hyperbolic on its basic set Λ, then we know from above that the local stable/unstable manifolds are embedded complex disks, such that W s β (f, x) is tangent at x to the stable space E s x , x ∈ Λ and W u β (f,x) is tangent at x to the unstable space corresponding tox, E û x ,x ∈Λ. Let us notice that the above expression of f using polynomials, implies that f is finite-to-one.
We will also denote by S 0 , S 1 , S 2 the sets of points in Ω with their unstable index (i.e the dimension of the unstable space ) equal to 0, 1, 2 respectively.
We take this opportunity to say that the case of endomorphisms is not just a simple extension of the diffeomorphisms case,and that there appear new phenomena, which can be explained by the non-injectivity of f . Indeed, in [7] , I proved that, although δ s (x) ≤ t s * , where t s * is the unique zero of the pressure function t → P (tφ s ) (φ s (y) := log |Df s (y)|, y ∈ Λ), still the equality does not always hold. For example, take the map f (z, w) := (z 2 + c, w
, we obtain P (2φ s ) > 0, therefore t s * > 2, but on the other hand, δ s (x) ≤ 2. The stable dimension has been considered in the papers [9] , [10] . As said before, the stable dimension cannot be written using the Bowen equation, as the unique zero of the pressure function for the stable potential. Instead we obtained estimates using a new notion, that of inverse pressure.
Another important difference from the case of diffeomorphisms is that the local unstable manifolds do not give a lamination near Λ in the case of noninvertible maps ( [11] ). In fact, through any point x of Λ there may pass an uncountable collection of unstable manifolds of type W u β (f,x). This has the effect that, a priori, the Hausdorff dimension of Λ is not equal to the sum between the stable dimension δ s (x) and unstable dimension δ u (x). This gives another difference from the case of diffeomorphisms. Notice also that, althoughf is a homeomorphism onX, it is not smooth, so many of the properties of diffeomorphisms do not extend tof (for example those related to estimates where the derivatives are used).
We proved in [12] that the stable dimension of holomorphic Axiom A maps which are open on the basic set Λ, is in fact independent of both the point x ∈ Λ and of the size β (as long as β is small enough); that proof involved the sequence of inverse pressure functions corresponding to the iterates of f on Λ. We will prove the independence of the unstable dimension, by considering the (usual) topological pressure on the natural extension of Λ.
In the sequel we will encounter also the notion of Smale space. We will give its definition and some properties, following [19] . Then we will specify a particular case of Smale space important in our applications. 
, n > 0 A compact metric space (X, d) with a homeomorphism f : X → X for which there exist ε 0 , λ with the above properties is called a Smale space. The sets V − δ (x), V + δ (x) will be called, respectively, the local stable set (of size δ) of x ∈ X, and the local unstable set (of size δ) of x; they may also be denoted by V − δ (f, x) and V + δ (f, x) when we want to emphasize their dependence on f . If X is a Smale space as above, and δ > 0 is small enough, then it follows easily that V
y] Also, notice that, by replacing eventually δ with a smaller number, we get :
One can prove easily that, if X is a Smale space for the homeomorphism f , then f is expansive on X, and that the nonwandering set of f is in fact the closure of the set of periodic points. Also, we have Smale's Spectral Decomposition Theorem ( [19] ), saying that the nonwandering set of X is the union of finitely many disjoint compact subsets Ω j , which are f -invariant and such that f | Ωj is topologically transitive; the sets Ω j are called basic sets. Moreover each basic set Ω j is the union of k j disjoint subsets Ω j , 1 ≤ ≤ k j , which are cyclically permuted by f and such that f k j | Ω j is topologically mixing. Let us also add that any f -invariant measure on X has its support in the nonwandering set and that any f -invariant ergodic measure has its support in one of the basic sets.
Notation: In the sequel we shall denote the space of Hölder continuous real maps of exponent α > 0, defined on a compact metric space (
When the constant C > 0 is also fixed, we will denote by H α C (X) the space of real functions on X, satisfying the above inequality with exponent α and multiplicative constant C.
Another very important feature of Smale spaces is that they have Markov partitions of arbitrarily small diameter ( [19] ). From this it follows that there exists a symbolic dynamical space modelling the action of f on X, i.e a subshift of finite type Σ A with a transition matrix A (this subshift is denoted below also byX and is called a configuration space), and a projection p :X → X such that the following are satisfied: 
is unique, and Φ is unique up to an additive constant.
Notice that in part (c) of the previous Theorem, the fact that (Σ A , σ A ) is a transitive Markov chain is not the same as saying that (Σ A , σ A ) is a Markov chain with topological transitivity; the first property refers to the transitivity of the matrix A and implies in fact that σ A is topologically mixing on Σ A . Of great importance in the theory of equilibrium states is also the notion of specification. There are several equivalent definitions (see for example [2] , [5] , [19] , etc.).
Definition 9.
Consider an arbitrary compact metric space (X, d) and a homeomorphism f : X → X. Then we say that f satisfies specification on X if, for every ε > 0, there exists a positive integer p(ε) such that the following condition holds:
if
., n − 1, and x 1 , ..., x n are arbitrary points in X, then there exists a periodic point x ∈ X satisfying:
Remark 1: a) It is relatively easy to prove that any transitive Markov chain has the specification property. Also, if a homeomorphism of a general compact metric space X has the specification property, then it is topologically mixing. b) Bowen ([2] ) showed that, if f is an expansive homeomorphism on X satisfying the specification property, then for any Hölder continuous potential ϕ ∈ H α (X) there exists a unique equilibrium state.
Then using the symbolic dynamics representation (X, τ ) associated to a Smale space (X, f ) (from the above Theorem on Properties of Smale Spaces), together with the above remark, we obtain the following:
Theorem (Equilibrium states on Smale spaces). Let X be a Smale space for the homeomorphism f , such that f is topologically mixing. Then for any α > 0 and any potential ϕ ∈ H α (X), there exists a unique equilibrium state µ ϕ , of ϕ on X.
Next, we shall give an example of Smale space which will have important applications in the sequel. Consider as above, a smooth (i.e C r , r ≥ 2) map f : M → M , on a compact Riemannian manifold M . Let us assume that f satisfies Axiom A. The following appears in [18] , and we cite it for future reference: 
, and f nj is topologically mixing on each subset Ω j,k .
In the sequel, as announced before, we will work with f : M → M smooth map, satisfying Axiom A, and with a basic set Λ of saddle type. One can form the natural extensionΛ :
As said before, for each number K > 1, there exists a metric d K onΛ, compatible with the topology induced from the product space.
In this setting, for eachx ∈Λ and each δ > 0 small, let us define the following subsets ofΛ:
Using the fact thatΛ has local product structure ( [18] ) we can define a map [·, ·] as in the definition of Smale spaces, by putting [
One can check easily that the conditions in the definition of Smale spaces are satisfied, and henceΛ is a Smale space with the above relation [·, ·] and the homeomorphismf :Λ →Λ.
We know from the Spectral Decomposition Theorem that f is transitive on Λ and this implies thatf is also transitive onΛ ( [19] , pg. 145). Also, we know that f is expansive onΛ. Therefore the properties of Smale spaces from the Theorem above apply to the natural extensionΛ and the homeomorphismf . In particular there exists a symbolic representation ofΛ, denoted byΛ and a projection map p :Λ →Λ; let us recall also the canonical projection π :Λ → Λ. Also from [19] , it follows that, if ϕ ∈ C(Λ) then P f (ϕ) = Pf (ϕ • π) and that π induces a bijection µ → µ, between thef -invariant states onΛ and the f -invariant states on Λ such that π * μ = µ and h µ = hμ.
We study now the problem of uniqueness of equilibrium states and that of coincidence between equilibrium states and Gibbs states. First of all, a definition:
Definition 10. Consider a continuous map f : X → X, where X is a compact metric space and let ϕ ∈ C(X). Then we will call a probability measure ν on X, a Gibbs state (or a Gibbs measure) for ϕ if and only if for each ε > 0, there exist A ε , B ε > 0 such that for all y ∈ X and integer n > 0, we have:
where
Regarding the construction of Gibbs states and their relation to the equilibrium states, we have the following important Theorem ( [1] , [5] ):
Theorem (Bowen's Theorem on Construction of Gibbs/Equilibrium States). Let (X, d) be a compact metric space and f : X → X an expansive homeomorphism satisfying the specification property. Let also ϕ ∈ H α (X), for some arbitrary α > 0. Then there is exactly one equilibrium state µ ϕ for ϕ on X. The measure µ ϕ is a Gibbs measure for ϕ and it is ergodic.
If we denote by F ix(f n ) the periodic points of period n of f on X, and by
e Snϕ(x) , then the measure µ ϕ is obtained as:
where, as usual, δ x denotes the Dirac measure at the point x.
Let us see how this may be applied to the case of Smale spaces associated to basic sets of saddle type. We have a smooth map f : M → M on a compact Riemannian manifold M satisfying Axiom A, and let Λ be a basic set of saddle type; we have alsô Λ the natural extension of Λ relative to f with the homeomorphismf :Λ →Λ.Λ has a natural structure of a Smale space, and since f is transitive on Λ, it follows that f is transitive onΛ. Denote byΛ the symbolic representation of the Smale spaceΛ; we know from the Theorem on Properties of Smale Spaces thatΛ is also transitive, however a transitive map on a compact space does not always have the specification property. Therefore we have to decompose Λ into its mixing components, given by the Spectral Decomposition Theorem. So, we know that there exist disjoint closed subsets of Λ, denoted by Λ 1 , .., Λ N such that f permutes Λ j among themselves and f N is topologically mixing on each Λ j . This means thatf N is mixing on π −1 Λ j , where we recall that π :Λ → Λ is the canonical projection, π(x) = x,x ∈Λ. This implies that τ N is mixing on p −1 π −1 Λ j and hence it is easy to prove that it has specification on that set ( [1] or [5] , pg. 581). But, from the definition of specification and the properties of the projection p :Λ →Λ, we get that alsof N has specification on π −1 Λ j . So, the Smale spaceΛ can be written as the union of finitely many disjoint compact subsets,
N satisfies specification on each X j . We want to prove that Hölder continuous functions onΛ have unique equilibrium states which are also Gibbs states; the proof is based on the discussion for the mixing case. Proof. First, consider the topologically mixing mapf N on X j , for some fixed j, 1 ≤ j ≤ N . (where we use the notations introduced before the statement of the theorem). We know thatf N is expansive on X j and it satisfies specification, from the previous discussion. Hence we can apply Bowen's Theorem on Construction of Equilibrium/Gibbs States given before. Thus for each Hölder continuous functionφ onΛ, there exists anf N -invariant measureμ j on X j , which is the unique equilibrium measure forφ| X j , withφ :
for an arbitrary Borelian set E ⊂Λ. It is easy to check thatμ is anf -invariant probability measure onΛ, with hμ 1 (f N ) = N hμ(f ), and that φdμ 1 = N φdμ. Therefore, ifμ 1 is the unique equilibrium state forφ on X 1 , with respect tof N , then the measure defined above,μ, will be the unique equilibrium state forφ onΛ, with respect tof .
We look now at the inequalities in the definition of Gibbs states. Firstly, the mapf : X i → X i+1 gives a conjugation between the mapsf N : X i → X i and f N : X i+1 → X i+1 ; hence from the Theorem on Properties of Pressure given above,
But from the same Theorem,
Let us also notice that for any positive integer n,
Denote by ν :=μ 1 the equilibrium measure forφ| X1 on X 1 , with respect tof N . Let us take now E := Bf (ŷ, ε, n), for someŷ ∈Λ and estimateμ(E). Without loss of generality, we can assume thatŷ ∈ X 1 . From the definition ofμ, we havê
Let us use now the fact that ν is a Gibbs state forφ| X 1 :
Using now relations (1) and (2) and the above inequality, we obtain that there exist constants C ε , D ε > 0 such that for allŷ ∈ X 1 , n > 0,
Repeating the above argument for ν(X 1 ∩f (E)), ..., ν(X 1 ∩f N −1 (E)), and then using the above definition ofμ, we obtain thatμ is indeed a Gibbs measure forφ on the entire Smale spaceΛ. This measure can be denoted byμφ. 
Proof. We use the lifting to the natural extensionf :Λ →Λ, and the previous Theorem in order to find a Gibbs measureμ :=μφ for the Hölder continuous potentialφ : ϕ • π onΛ. (π is Lipschitz, hence if ϕ ∈ H α (Λ), for some α > 0, it follows also that ϕ • π ∈ H α (Λ)). We can use now the local product structure on Λ so any neighbourhood B(x, δ) of a given pointx ∈Λ can be laminated by local stable sets V 
. One can notice that the measureμx ,δ does not depend on δ actually, so it can be denoted also byμx. Sincef contracts distances on the leaves of V − , we see thatμx(
. Therefore we obtain that there exist constants A ε , B ε > 0 such that 
(ŷ, 2ε, n)). This implies that, for ε < β, there exist
for each n > 0 and y ∈ W u β (x) ∩ Λ. We will consider in the next sections the intersection W u β (x) ∩ Λ and prove that its Hausdorff dimension is given by the unique zero of the pressure function t → Pf (tφ u ), where φ u (ŷ) := − log |Df u (ŷ)|,ŷ ∈Λ; in particular the unstable dimension is independent ofx and β > 0 small.
We will show that, if g is an Axiom A perturbation of f , then the conjugating map Φ g is α-Hölder continuous as a map from V + β (x) to W u β (x) ∩ Λ. For holomorphic maps (for instance when f : P 2 → P 2 is holomorphic and with Axiom A) we are able to give a new and precise estimate of the Hölder exponent α. In the proof of this theorem we will actually construct the unstable manifolds in the noninvertible case and using this construction, will prove the existence of a Lipschitz family of biholomorphic maps between the unstable manifolds of f and those of g. Moreover, this theorem will imply that, if (f a ) a is a family of holomorphic maps on P 2 depending real analytically on a, then the unstable dimension varies also real analytically in a. Some estimates in the proofs will depend also on the constant K used to define the metric d K onΛ.
We will also notice in the sequel that the stable dimension does not depend continuously on the parameter of f a ; in particular the Hausdorff dimension of the basic sets does not vary always continuously in the case of endomorphisms. Therefore in the noninvertible case new phenomena can appear.
Lastly, using Corollary 1 we will look at the Gibbs states on the intersections of local unstable manifolds and Λ. The Gibbs state of the unstable potential will prove to be a geometric measure and we will use this fact (and a Laminated Distortion Lemma on unstable manifolds) to show that the unstable dimension is equal to the upper (and lower) box dimension.
The results above present an extension of the theory from the case of diffeomorphisms, although in this noninvertible case the proofs are different and one has to take into consideration prehistories, rather than points, and to introduce new methods in order to deal with the lack of differentiability on the natural extension.
2. Unstable dimension is given by a Bowen type equation. Let us take f : M → M a smooth Axiom A map on a compact Riemannian manifold M , with the (real) dimension of the unstable spaces over a basic set Λ equal to 2, and f conformal on its local unstable manifolds. Assume also that the entropy of f | Λ is not zero. In particular f can be a holomorphic function on the complex projective space P 2 , satisfying Axiom A. Define the real function (called unstable potential ) φ u (ŷ) := − log |Df u (ŷ)|. Due to the expansion of derivative on unstable spaces, we see that φ u is strictly negative onΛ. Let also the pressure function t → Pf (tφ u ), which is continuous and strictly decreasing (from the Theorem on Properties of Pressure given in Section 1). Since P (0) = h(f | Λ ) > 0, and P (tφ u ) < 0 when t is large enough, it follows that it has a unique zero t u . Now, the distances between iterates of points from unstable manifolds, grow exponentially. Using also the conformality of f along unstable manifolds we will obtain a Laminated Distortion Lemma, similarly to the case of local stable manifolds ( [7] ):
Lemma 1. In the above setting, with f conformal on its local unstable manifolds, there exists β > 0 and C > 0 such that: ifx ∈Λ and y
whereŷ is the unique prehistory of y, β-shadowed byx.
We will give next a very useful Hölder continuity theorem for the unstable spaces and consequently for the unstable potential φ u . For this theorem we do not need the hypothesis of conformality on unstable manifolds. 
Theorem 2. (a) Consider a smooth map f : M → M which satisfies Axiom
sup x∈Λ |Df s (x)| · |Df u (x)| −1 · K θ < 1, then the map E :Λ → G q (Λ), E(x) = E û x is θ
-Hölder continuous (where we take on the Grassmannian G q (Λ) of q-dimensional subspaces of the tangent bundle overΛ, the metric induced by the embedding of TΛ
Proof. (a) The proof is very similar with that of Theorem 2 of [7] and we do not repeat it here. The condition on derivatives is the same here as in the case of unstable manifolds studied in [7] .
(b) This follows from (a) and the differentiability of log and of f on M .
We give now the main theorem of this section, about the equality between the unstable dimension and the zero of the pressure function associated to the unstable potential : 
is a homeomorphism ofΛ). For a continuous function ψ ∈ C(Λ)
, and ε > 0 small enough, let us denote by
Hence there exists an (n, ε)-spanning set F forf −1 , of minimal cardinality and satisfying
, there exists a unique prehistory of y, denoted byŷ * , which is β-shadowed byx and such thatŷ ∈Λ.
Assume that F = {ẑ 1 , ...,ẑ }; then π(F ) = {z 1 , ..., z }. Consider the set f n−1 (W ) which is a subset of Λ. Hence for each y ∈ W , there must exist an i, 1 ≤ i ≤ , such thatf
Since the diameter of f k (V i ) is bounded by 2ε, for all 1 ≤ k ≤ n − 1, and using also the Laminated Distortion, Lemma (1) we see that there exists a constant C > 0 with:
But in (3) we have only unstable derivatives along the prehistories from F , so we have to find relations between these and the prehistoriesŷ * appearing in (4). This will be done using Theorem 2. Indeed let us consider for each i as above, the point
For the second term of the above inequality, we will use that
Therefore, using Theorem 2 and the conformality of f on unstable manifolds, we obtain:
k , where λ ∈ (0, 1), and 1 ≤ k ≤ n − 1. Hence from the previous displayed inequality we get
We used above the inequality | log |Df
(for a positive constant C 1 independent of n), which follows from the Lemma 1.
So we obtained that there exists a constantC > 0, such that:
But then , from (3) and (4) it follows that
for a positive constant C . This implies that HD(W ) ≤ t; but t has been chosen arbitrarily larger than t u , so δ u (x) = HD(W ) ≤ t u . It remains to prove now the opposite inequality, i.e t u ≤ δ u (x). For this, let us consider some arbitrary t > δ u (x) and show that t ≥ t u , i.e show that P (tφ u ) ≤ 0. One can use now a Theorem of Pesin and Pitskel ( [15] ) which allows us to write the pressure using balls Bf (ŷ, ε, n i ) for different integers n i . So, for a continuous potential ψ ∈ C(Λ), a positive ε, a positive integer N , and an arbitrary real number λ, let us denote
; then it is shown in [15] that P (ψ) = lim ε→0 P ε (ψ). Therefore, in order to show that P (tφ u ) ≤ 0, it is enough to show that M ε (0, tφ u ) = 0, ε > 0 small enough, i.e M ε (0, tφ u , N ) = 0, N, ε > 0 small. For this , it is enough to find a finite cover ofΛ with sets Bf (ŷ, ε, nŷ),ŷ ∈ F , such that nŷ ≥ N and Consider now an integer m such that f −m W ∩ Λ intersects all stable manifolds W s ε/2 (z), of points in Λ (this can be done as in [9] ); it can be seen easily that
whereα is a small positive number to be determined later. We will produce a spanning set (in the above sense) out of the cover U. In order to do this, consider first for each i ∈ I, the set U * i := ∪W 
Now, fix i ∈ I and j ∈ J i ; fix also a point z ∈ V ij and consider all the s-prehistories C of z in Λ. Then for each V ij there are at most d s such prehistories C. We will denote the set of these prehistories C corresponding to V ij by Γ ij (where j ∈ J i , i ∈ I). One can notice also that every local unstable manifold W u ε (ẑ ), z ∈ V ij is included in one of the sets Λ(C, ε), for some C ∈ Γ ij , (because of the way in which V ij were taken); in particular
Now, for each C ∈ Γ ij , consider some fixed complete prehistoryẑ C ∈Λ which starts with the truncated prehistory C, i.e which satisfies z Define now, for each i ∈ I, the positive integer n i with the property that
We want to prove thatΛ ⊂ ∪ i∈I ∪
C∈Γi
Bf (ẑ C , 5ε, n i ), where Γ i := ∪ j∈Ji Γ ij . We will also prove in the sequel that e
, where χ 0 is a positive constant independent of C, i.
Consider then an arbitrary prehistoryω of a point ω from U * i ; we know that U * i , i ∈ I, cover the entire Λ, so for an arbitraryω ∈Λ, there must exist an i as above. We know also that there exists an s-prehistory C ∈ Γ i such thatω is ε-shadowed by C up to level s,
and also from the definition of n i , we see
Hence we obtain from the above relations
But we denoted by F the set of the prehistoriesẑ C , C ∈ Γ, so we obtain that F spansΛ.
Next, let us estimate e
. First of all, ifξ C is the unique prehistory of ξ C given by the fact that ξ C belongs to a local unstable manifold which intersects U i , we see that there exists a constant γ > 0 such that e
Let us come back now to the sum
and use (7) and the fact that
Recall also that s depends only on ε and that N (s) depends only on s. Therefore, if in the begining we takeα
Recalling also that we showed that F = {ẑ C , C ∈ Γ} spansΛ in the sense that
, n i ), we can conclude that P ε (tφ u ) ≤ 0, hence:
Thus t ≥ t u . But t has been chosen arbitrarily larger than δ u (x), thus δ u (x) ≥ t u . Corroborating with the other inequality proved earlier, we obtain finally that t u = δ u (x).
In particular we notice that δ u (x; β) does not depend on β (small), nor onx ∈Λ, so it can be denoted simply by δ u , the unstable dimension of Λ. As said above, the stable dimension cannot be written similarly using a Bowen type equation, and δ s (x) is in general only strictly smaller than the zero t s of the pressure function associated to the stable potential φ s (see [7] for further details). However in the estimates of δ s (x), a very important role is played by the inverse pressures P − and P − , as was observed in [9] , [10] , [12] .
3. Construction and properties of unstable manifolds, α-Hölder continuity of Φ g along unstable manifolds, estimates for the exponent α in the holomorphic case. We will now prove that if g is a perturbation of an Axiom A noninvertible map f , then the unstable manifolds of g depend Lipschitz continuously on g. This proof will also help us in proving a theorem of uniform α-Hölder continuity of the conjugating map Φ g along the unstable set V + β (x),x ∈Λ. In the special case of holomorphic maps on P 2 , the method of proof will give a new precise estimate for α. As a remark, the unstable manifolds depend smoothly on a (in a certain sense), when (g a ) a depends smoothly on the parameter a.
First, we need to define the notions of continuous family of submanifolds and Lipschitz family of diffeomorphisms.
Definition 11. (a) Let (X, d) be a compact metric space and M a smooth Riemannian manifold. Assume that to each x ∈ X we can associate a submanifold F x of M in such a way that this correspondence is continuous, i.e for each ε > 0, there where  by d(F x , F y ) we understand the distance in the Hausdorff metric between the respective sets. Then we call F = {F x } x a continuous family of submanifolds indexed by X.
(b) Let now E be a metric space and Y ⊂ E an open subset of E such that to each g ∈ Y we can associate a continuous family of submanifolds of M indexed by X, denoted G(g). Assume that we fix an f ∈ Y and denote G(f ) by F. Assume also that for each g ∈ Y , there exists a family of smooth diffeomorphisms
x ∈ X (we assume that the diffeomorphisms Ψ g x are in the same category C r , r ≥ 2, as M and f ). Then we say that a family (Ψ g ) g∈Y is a Lipschitz family of diffeomorphisms if there exists a positive constant C such
We are ready to state now a theorem about perturbations of f and the corresponding conjugacy maps Φ g , giving also a Lipschitz family of diffeomorphisms between local unstable manifolds. The Lipschitz continuity of Φ g (in g) and the existence of a Lipschitz family of unstable diffeomorphisms are new facts in the case of endomorphisms (but items 1)-3) are known, for example [18] ). 
4) There is a constant
g, κ ∈ U. 5) There exists β > 0 such that for every g ∈ U, there are local unstable (stable) manifolds of size β at all pointsx ∈Λ g (x ∈ Λ g respectively), and there exists also a Lipschitz family of diffeomorphisms {Θ
Proof. The proof of item 1)-3) follows the general ideas from [20] and [4] adapted to the natural extensionΛ and to the hyperbolicity of f as an endomorphism (i.e where the unstable manifolds depend on the entire prehistory of the base point). It is good to recall it here since it will be used in the proof of 4) and 5).
Proof of 1), 2), 3): Let us consider C(Λ, M ) be the metric space of continuous maps fromΛ to M , with the sup metric. For each g ∈ U define the map L g :
and that L f has a hyperbolic fixed point at π f . We can apply now the procedures from Theorem 7.8 of [20] . The idea is the following: first linearize C(Λ, M ) by replacing it with the space of continuous sections Γ(Λ, TΛM ), where TΛM := {(x, v),x ∈Λ, v ∈ T x M } is the tangent bundle overΛ; this replacement can be done using the exponential maps. One then replaces L g by its expression in exponential coordinatesL g : Γ r (Λ, TΛM ) → Γ(Λ, TΛM ), where for small r > 0, Γ r (Λ, TΛM ) denotes the bundle of balls of radius r in Γ(Λ, TΛM ). HenceL g (σ)(x) = exp
))), wherex = (x, x −1 , ...). Next we show easily thatL g is Lipschitz close to a hyperbolic linear operator F on the section space Γ(Λ, TΛM ), i.e that for a small ε > 0, Lip(L g − F ) < ε. It can be shown thatL g is a Lipschitz perturbation of its derivative F at the zero section (Lip(F ) denotes in general the smallest Lipschitz constant of a Lipschitz map F ). In this case, Proposition 7.7 of [20] shows that L g has a fixed point Z g near the zero section. But this is equivalent to L g having a fixed point Φ g ∈ C(Λ, M ), close to the canonical projection π f :Λ → Λ. This implies that
Next, we define the liftingΦ g of Φ g . Letx ∈Λ and y := Φ g (x). Let also
One can prove as above thatŷ := (y, y −1 , y −2 , ...) is indeed a prehistory of y inΛ g . Then it follows easily thatΦ g is a homeomorphism ofΛ g . The fact that the hyperbolic structure of f onΛ transfers to a hyperbolic structure of g onΛ g is proved similarly as in Prop. 7.6 of [20] . This concludes the proof of items 1), 2), 3).
Proof of 4):
M is a compact manifold. Now, let us recall how the mapL g was formed; we took χ the chart defined on a neighborhood
where exp x denotes the exponential map at x. This works since, if h is close to π f , then h(x) is close to x, so we can apply the exponential map. g 2 ), for some positive constant C 1 . But then from Proposition 7.7 of [20] , we have
Since exp is a local diffeomorphism we also get from above that there exists a constant
So we showed that the conjugating map Φ g depends Lipschitz continuously on g ∈ U .
Proof of 5): We shall now prove the existence of a Lipschitz family of diffeomorphisms {Θ û x }x ∈Λ satisfying the conditions from the statement. In the proof of 1), 2), 3), we defined the map
, and we proved that it has a hyperbolic fixed point denoted by Φ g , which is close to the projection π f :Λ → M ; we also denoted Λ g := Φ g (Λ). Take . Notice also that C ε (Λ, M ) can be identified with
) by exponential coordinates. We will recall how the unstable function G g was obtained, from the general Unstable Manifold Theorem for Banach spaces ( [4] ), as the unique fixed point of a graph transform. Indeed, we defined earlier the map χ (giving the exponential chart) and
), H(0) = 0, and Lip(H) ≤ 1}, where 0 = zero section.
In the sequel we will find an expression for Γ g starting from the decomposition ofL g asT 1 ×T 2 , whereT 1 : 
), and that S 1 (H) is a Lipschitz homeomorphism onto its image, with Lipschitz inverse.
takes values into C ε (E û Λ ); hence it makes sense to apply
, thus obtaining that:
Since the Lipschitz constant of S 2 (H) is easily seen to be strictly less than 1, we conclude that Γ g (H) ∈ M, so Γ g is a well defined map M → M. Using the above expression, it can be proved also that the graph transform Γ g is a contraction. Thus Γ g has a unique fixed point
). The graph of G g gives, by exponential coordinates, the local unstable set W g of Φ g .
Let us prove next that this unstable function G g depends Lipschitz continuously on g, i.e that there exists a positive constant K 0 such that
We will prove this property in the general setting, i.e for an arbitrary map h : E(r) → E, with E a Banach space and E(r) the closed ball of radius r centered at 0 in E. We assume that there exists a linear operator
and T is a hyperbolic operator, expanding on E 1 and contracting on E 2 ; assume also that Lip(h − T ) < ε < 1, |h(0)| < δ < 1, for some small constants ε, δ. Let us define h i := p i • h, i = 1, 2, with p i the projection from E to E i and M := {H : (id, H) ; using the definitions, it can be shown that S h 1 (H)(E 1 (r)) ⊃ E 1 (r) and that the Lipschitz constant of the map S h 1 (H)| E 1 (r) −1 is strictly less than 1. So, one can define the map
It can be checked that it is a contraction, hence from the Contraction Principle it has a unique fixed point G h ∈ M. We prove now that G h depends Lipschitz continuously on h. Indeed since G h gives the fixed point for Γ h , we know that
and similarly for Γ h (H). In the sequel we will write for simplicity S
, where here id denotes the identity of E 1 (r). Hence |S
for some constant C 0 > 0 and any h, κ. In conclusion we proved the general statement that the fixed point G h of Γ h depends Lipschitz continuously on h.
Hence, also in our case of the unstable function G g , there exists a positive constant
In our case, the unstable function G g gives the graph (modulo exponential coordinates) of the unstable set W It is proved in [4] that G g is of order C 1 if g is C 1 , and g is C 1 -close to f . Hence Θ û x (g) is also a C 1 diffeomorphism. Notice also that from the definitions it follows that Θ û x (f ) = the identity on W u β (f,x). We showed before that there exists
). Thus by passing through exponential coordinates we obtain Let us also show that Θ Proof. The proof follows along the same lines as in the previous Theorem. Now we have to work with complex Banach spaces and with bundle maps which are holomorphic on fibers. One constructs the diffeomorphisms Θ û x (g) as in the previous Theorem and shows that they are now bi-holomorphic based on the fact that G g is holomorphic. The Lipschitz continuity of Θ û x (g) follows directly from the Theorem.
We are ready now to prove that the conjugacy map Φ g is Hölder continuous on certain subsets of unstable manifolds, when g is close to f , thus extending a result of Palis and Viana ([14] ). In the case of holomorphic maps on P 2 , we can actually estimate the Hölder exponent in terms of the distance d(f, g), between f and g, in the uniform convergence metric. For this last estimate the holomorphicity hypothesis is essential. In the sequel, a map Ψ : X → Y , between two metric spaces (X, d) and (Y, d ), is called (C, α)-Hölder continuous if there exists some δ 0 > 0
